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The efficient utilization of inventory systems has become increasingly
important in modern industrial practice due to its substantial contribution to
cost reduction, resource optimization, and overall operational efficiency.
Sliding mode control (SMC) is presented in this study for management and
optimization of the inventory systems. First, the differential equations of
inventory system are developed. Then, the SMC is employed for the
improvement of the performance of the inventory system under time varying
demands, by minimizing tracking error and improving reference following.
Moreover, an extended state observer (ESO) is introduced to compensate for
the lack of direct access to the system state variables by estimating the
unavailable states while simultaneously providing demand estimation.
Furthermore, circle search algorithm (CSA) is used for optimizing the SMC
and the ESO because of its outstanding global optimization potential and to
provide a good balance between exploitation of the obtained solutions and
exploration of new ones during the search process by means of the integral
of absolute error (IAE). The efficacy of the ESO to estimate the states of the
system and the profile of the unknown demand has been validated by
computer simulation in the MATLAB. Additionally, The proposed ESO-
SMC is examined with the proportional, integral, derivative (PID) controller
of the stochastic demand. This test shows the ESO-SMC to be superior in
their performance enhancement, especially the reduction of inventory costs.
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1. INTRODUCTION

As the business process became complex, it put a great pressure on the decision-manager, who was trying
to understand the dynamics of the business process. Even if the product is so simple, it still has a global process
in the supply chain. For example, the automotive industry's supply chain accounts for a substantial portion of
corporate value; therefore, ensuring its resilience to even minor delivery disruptions while maintaining optimal
performance is of critical importance [1]. Supply chain an organized of suppliers, manufacturing plants,
warehouses, manufacturers and distributors working together and committed to the efficient supply of finished
products to the end consumer. On this context, production—inventory control systems are implemented to
ensure effective coordination among raw materials, work-in-process, and finished goods inventories, thereby
maximizing customer service levels and reducing overall costs [2]. The aforementioned objective can be
attained through the efficient coordination of information and product flows across the supply chain between
manufacturing facilities and retailers [3]. Furthermore, growing competition in the business world has driven
production-inventory management practitioners towards looking for room to improve the profitability of their
business [4]. To reduce cost and to make the system more profitable, the inventory levels can be reduced to a
minimum [5]. Uncertainties in customer demand and manufacturing conditions pose significant challenges to
the effective control of production—inventory systems, making it difficult for manufacturing companies to
maintain sustainable and cost-efficient operational strategies.

To solve the production-inventory problems the system performance method has been successfully
studied for decades using control engineering practices as another method for system performance solution [6]
[7]. This kind of model was found to be appropriate model to represent the industrial behavior and is applicable
in real use by the managers to select what their order rates they need for fluctuated the market. Research and
solution techniques that encompass a variety of studies and means of control, applicable to production-
inventory related topics may be found in [8]-[11]. Towill [12] was also interested in the possibility to improve
the production-inventory system performance by using the proportional controller. Building upon Towill's
work, Jonn et al. [13] integrated additional feedback information into the system, while AL-Khazraji et al. [14]
further expanded the framework by incorporating supplementary feedback loops. It was demonstrated by
Towill et al. [15] that Proportional plus Integral (PI) controller was able to remove the inventory deficit in the
production inventory system. A proportional-integral-differential (PID) controller was implemented by Tosetti
et al. [16] and White and Censlive [17]. Sarir and Abderhmane [18] introduced a PID controller augmented
with fuzzy logic. In their approach, Ant Colony Optimization (ACO) is utilized to automatically fine-tune the
controller gains, using the integral of square error (ISE) as the objective function. A modified version of the
PID, named integral minus proportional derivative (I-PD) was examined and analyzed by Al-Khazraji [19].
Cuckoo search optimization (CSO) and its improved variant (ICSO) are two optimization techniques employed
to tune the adjustable parameters of an I-PD controller. Two simulation scenarios have been developed,
assuming a step changing in demand was first and the stochastic demand was the second. The simulation
outcomes presented indicate improvement in the tuning process for the I-PD controller using the ICSO
approach, compared to the conventional CSO approach. However, the aforementioned studies do not explicitly
address robustness against demand uncertainties, which may limit their effectiveness under varying and
unpredictable demand conditions.

The second method to controller design is very strict and powerful method called sliding mode control
(SMC) [20], which is suitable for the design of various systems including regulating the ball's position of the
magnetic levitation system [21], improve power maximization of the wind turbine system [22], stabilize of the
overhead crane system [23] and speed control of the induction motor [24]. Based on the effective regulation
performance demonstrated by the presented controller, it would be possible to extend and apply it to other
dynamic systems having similar requirements. This paper is motivated to develop a SMC approach for
improving the inventory responsiveness in the context of bounded time varying demand. SMC is a model based
control approach and the complete knowledge of the system is needed. In many types of control systems, not
all of the states of the systems are easily measurable. Therefore, the implementation of SMC is not feasible
without auxiliary state estimation techniques. This challenge can be addressed through the use of state
observers, which provide estimates of the unavailable system states [25][26]. Besides, the inventory system
has a time variant demand and in order to deal with these challenges it has been equipped with an Extended
State Observer (ESO) which can approximate the state and the demand trajectory. The use of meta-heuristic
optimization algorithms in modern research is often based on the need to establish parameters of the controllers
and observers as they have better performance during the process of establishing the parameters, compared to
the main ad hoc tuning processes [27]-[29]. In this regard, the circle search algorithm (CSA) is introduced to
solve the parameter-selection problem in this research. It nature-inspired metaheuristic algorithm and used to
solve complex optimization problems with an effective balance of exploration and exploitation [30].
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2. METHODOLOGY

The basic goal in managing an inventory system desired to maintain the level of the inventory at the
desired level by changing the order rate [31]. In this paper, the overall control strategy is divided into four
stages as follows: Firstly, the differential equations of the inventory system are built to determine the strategy.
Then, the control design using the sliding mode control (SMC) is given in order to ensure the desired inventory
response is achieved. The third stage involves the development of an extended state observer (ESO) for
estimating the system state variables and the time-varying demand. Based on the Integral of Absolute Error
(IAE), the fourth stage is concerned with optimization of the adjustable design parameters of the SMC and the
ESO using circle search algorithm (CSA).

2.1. Inventory System

The inventory system is a crucial chain unit that integrates orders decision, production process with the
inventory taking in the account the demand rates. The demand rate d is time-varying and bounded. Let’s x; be
the inventory level. The state x, is the rate of production. After the production is completed, the manufactured
products are put into stock or sent out to the customers to meet the market demand. These activities are suitable
modelled using an exponential transfer function. In other words, it becomes first order lag with the time
constant T,,. Time constant to the production process is the time that has to be spent between the order and
delivery of the delivery of the product in the form of a complete product [32]. The control input of the system
is the order rate u. There are two types of representation of Production-inventory systems: Continuous-time
System and Discrete-time System. For instance, Comparisons can be drawn between data from continuous
review production rates and inventory data as well as periodic review production and inventory schemes [33].
Conditioned upon this, here the present model is realised as a continuous-time. The system of equations is
written in the form [19]:

X =x;—d )

1
X, = T—p(u —x3) (@)

2.2. Sliding Mode Control

There are multiple systems that are able to be implemented by feedback control technique that can help
to improve the system performance [34]-[40]. Sliding mode control (SMC) is a well-known as robustness and
systematic feedback controller. It has two stages. The first step of defining the surfaces of slides that is
necessary for achieving the desired performance, to keep the system in the sliding surface is the second step
[41][42]. Define the tracking error e as the difference between the actual inventory level and the desired
inventory level, given by

e=x—x 3)
Taking the derivative of the error gives:
é = X, —X; 4)
Substituting Eq. (1) into Eq. (4) obtains:
é=x—x+d (5)
Differentiate the error second time yields:
é= ¥ —x,+d (6)
Substitute Eq. (2) in Eq. (6) obtains:
é=5c'r—T—];J(u—x2)+d (7
The sliding surface is defined as:
s =é€+ agye ®)

where ag,,. > 0 is a tuning parameter.
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Taking the first derivative of the sliding surface yields:
S=¢€+ agn.e )

Substitute Eq. (6) and Eq. (2) in Eq. (9) obtains:

$= Xr—Tl(u—xz)+d+a5mcé (10)
P
The second part of the control law in the SMC is the switching control. The switching control is also
present in the SMC, as a discontinuous control law that causes the surface sliding of the system [43]. In order
to make the system move on the surface, the first derivative of the surface it moves on ought to be equivalent
to the switching control. As such, the switching control must choose appropriately to prevent the chattering
effects that are present in SMC [44]. The discontinuous sign function switches abruptly between +1, causing
high-frequency control switching near the sliding surface. In this direction, the power rate reaching law is used
for the switching control which is given by [45]:

§ = —ksmels|Vsgn(s) (11

where sgn is sign function, K¢y, is adjusted parameter > 0, y is adjusted parameter between [0,1]. The
switching gain in the power rate reaching law becomes smaller when the trajectory is close to the sliding
surface. Consequently, the control action is less aggressive near s = 0, reducing oscillations around the surface.
The final u is determined by setting Eq. (10) and is equal to Eq. (11) which gives:

.1 ; .
X — T_(u —X3) +d + agnc€ = —kgnels|Vsgn(s) (12)
p

Rearrange Eq. (12) to find the control law of the SMC as:

T

x .
u=T, <5c'r +24+d+ Agmc€ + ksmclslysgn(s)> (13)
P

It can be seen that the control law need the derivative of the demand and the extended state observer (ESO)
will be used to estimate the demand.

2.3. Extended State Observer

The procedure to establish of an extended state observer (ESO) for the inventory control system is
presented in this subsection. The fundamental design principle involves augmenting the system by treating
disturbances and uncertainties as extended state [46][47]. The measured and the estimated output signal of the
system are used to reconstruct the remaining system states. Moreover, the total disturbance is estimated and
compensated in real time through feedback control [48]. Therefore, the model of the inventory system is
reconstructed as given in Eq. (14), Eq. (15) and Eq. (16). The third state (x; = d) represents the lumped total
uncertainty and disturbance inherited in the system.

Xp =X — X3 (14)
. 1
X, =T—p(u—xz) (15)
X3 =d (16)
The ESO can be therefore synthesized as given in:

Zy =2y —z3+ 01 (xy — 7) (17)

) 1
Z, =T—(u—zz) + (%, — 21) (18)

P
Z3 = c3(% — z1) (19)
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In this case, the observer states, z; and z, are estimation of the states x; and x,, respectively. The third observer
state, z; will be used to estimate the time varying demand. ¢; > 0, ¢, > 0, and c¢; > 0 are design gains of the
observer.

2.4. Circle Search Algorithm

Optimization algorithms are methods used to find the optimal solution among all of the potential
solutions. In the context of engineering domain, optimization-algorithms are now become a useful sportive tool
in solving numerous engineering problems [49]-[53]. Furthermore, determining the optimal values for
controller design variables in order to produce control signals that enable the system to track the desired
dynamic performance is a significant challenge. In this context, many researchers are turning to optimization
algorithms instead of traditional trial-and-error methods to obtain the best adjustable controller parameters
[54]-[61]. Qais et al. [30] presented a swarm optimization algorithm called circle search algorithm (CSA)
which was inspired by geometrical characteristics of circles. The circle is characterized by several geometric
elements, including the diameter, centre, and circumference, in addition to the line’s tangent to it. Any set of
points located in a certain geometric plane that form a closed curve so that they are equidistant from a central
point (the centre of the circle), is called a geometric circle. Such a closed curve is called the circumference of
the circle. In Figure 1, a circle whose centre is (xc). The diameter of a Circle (D) can be defined as a straight
segment connecting two distinct points located on the circumference of the circle, while the radius (R) is a
straight segment connecting any point located on the circumference of the circle to its centre. Suppose that a
tangent line connecting the points (x;,x,) touches the circle at a point (x,), which represents the unique point
of tangency between the line and the circumference of the circle, so it is well known that it is perpendicular to
the radius (R) according to the geometric properties of the tangent. It can also be seen that the tangent (x,, x;)
intersects the line segment (x,, x,,) passing through the centre. A right triangle will then be formed, and using
trigonometric ratio functions, the tangent function of angle (0) will be [62][63]:

R
tan(9) = (20)
xp - xt
While R = x; — x,, this gives:
Xy — X
tan() = ——< 1)
xp - xt
x; — x. = tan(6) x (x, — x;) (22)
x; — x. = tan(6) x (x, — x;) (23)
x; = x. + tan(0) x (x, — x;) (24)
Tangent line

Xp

Figure 1. Terminologies of the geometric circle

From the general mathematical principles of circles given in Figure 1, it is clear that as the radius of the
circle decreases, the tangent angle will have decreased so that the tangent gradually will approach to the centre
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of the circle, as shown in Figure 2(a). In the CSA algorithm, it is assumed that the centre of the circle is the
target point for the optimal solution and any random point is the tangential point (x;). The random point's
approach to the solution is achieved by decreasing the tangent line angle (), as illustrated in Figure 2(b), the
tangential point (x,) serves as the search agent for the CSA, while (x.) is conceptualized as the optimal solution
of the algorithm.

It is obvious from Figure 3 that; the CSA search agent continuously adjusts the tangential point’s position
in the direction of the centre point. However, to prevent the CSA from becoming trapped within the boundaries
of a local solution, the contact point is randomly altered by varying the angle in a stochastic manner. The steps
of the CSA can be described as follows [64]:

(@) (b)
Figure 2. The sequence of the CSA: (a) exploitation and (b) exploration

Step 1: Initialization: It is an essential step that must be implemented in CSA to ensure equal randomness
of all dimensions of the search agent. In the previously published code, it may be possible to obtain very
surprising and unexpectedly fast results from algorithms due to the fact that most of them randomly distribute
dimensions unevenly. Subsequently, the search agents are initialized within the bounds of the search space,
specifically between the upper limit values (UV) and lower limit values (LV), as defined in Eq. (25):

x, = LV +7x (UV —LV) (25)

where 7 is any real random number between 0 and 1.
Step 2: Reposition the search agent to a new location: The search agent (x;) takes a new location according
to the best evaluated location (x,), as shown in Eq. (26):

x; = x, + tan(6) X (x, — x;) (26)

The angle (6) has a significant impact on exploring and employing the CSA and can be calculated as follows
[65][66]:

_ {W X Rand Iter > (¢ X Maxiter) (escape from local stagnation) @7)
T lwxp otherwise
w=wXRan —w (28)
Iter \?
a=n—nx(—_) (29)
Maxiter
Iter \°°
=1-09 x (—) (30)
P Maxiter

where Rand is an arbitrary value within the range of (0 to 1), Iter is the iteration counter, Maxiter is the
maximum iterations number, and ¢ is a constant within the range of (0 to 1), which proportion of the maximum
of iterations. According to Eq. (29), the variable a can be chosen in the range from (7 to 0), whereas the
variable p, as indicated in Eq. (30), can vary from (1 to 0). Consequently, the changing in the angle q is from
(—m to 0).

Two different cases for accomplished the CSA which are: In the case of Iter > (c. Maxiter): the angle
0 is determined by (6 = w X Rand) for all the time, which is used to enhance the exploration search of the
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CSA. On the other hand, if Iter < (c.Maxiter), in this case, the angle 8 is determined by (8 = w X p) for
all time, which is employed to enhance the process of exploitation search.

3. COMPUTER SIMULATION RESULTS

The evaluation of the extended state observer (ESO) for estimating the states of the system and the time
varying demand needed by the system were analysed and the behaviour of the sliding mode control (SMC) to
control the inventory level was designed. Thus, a computer simulation is performed based on MATLAB-
program. The dynamics of the production-inventory system which are given in Eq. (1) and Eq. (2) have been
programming to simulate the inventory system. The time constant of T}, of the inventory system is set to be one
day. The period of the simulation was set to 4-months. To confirm the scheme suggested in the solution on the
realistic demand scenarios the demand is simulated using the concept of a stationary independently distributed
random process. The production inventory model used is also linear meaning that the demand that cannot be
met may be back-ordered hence any negative value of the inventory level is equivalent to the back-order
quantity. Additionally, production capacity is assumed to be unlimited, and order rates cannot be negative.

From an algorithm designing perspective for production-inventory control, one of the most critical
questions is the selection of an adequate assessment criterion that affects the system efficiency, value delivery
to customers and system assignments for a project for organization objectives. This paper evaluates the
proposed control algorithm using absolute error (AE) for error quantification and the integral of absolute error
(IAE) for overall performance assessment. The IAE metric penalizes positive and negative errors equally,
implying that the costs of excess inventory and inventory shortages are weighted identically. In other words, if
this is the case, the cost of carrying too much inventory will be the same from the cost of carrying too little
inventory. Goods level control design parameters of the ESO-SMC (as mentioned in Eq. (31) [67]-[69]) are
computed by circle search algorithm (CSA).

ts
IAEzj le| dt (31)
0

We use t, to refer to the simulating time, and e to refer to the error between the real inventory and the
target inventory. Minimum IAE implies that the system is more responsive in this level of inventory and so,
less expensive in terms of inventory. If the desired inventory level is considered to be zero as it is in the current
research, it means that Just-in-Time (JIT) strategy

The system states estimation and estimation of the demand profile using the close loop simulation is
considered. The initial values for the system states (x; and x,) were both set to zero. Using the CSA, the ESO
parameters are determined as follows: ¢; = 65, ¢, = 170 and ¢; = 950. The design parameter of the SMC is
computed as follows: ag,. = 17, kg, = 36. Figure 3 shows the states and the estimation of the states.

Figure 4 shows the estimation of the demand. The various figures show that the ESO is able to estimate
all the states of the system, and the demand. Figure 5 and Figure 6 plot the estimation error of x;, x, and d.
Based on Figure 5 and Figure 6, it can be seen that the estimation errors converge quickly to near zero.

In the following case, the performance of the proposed ESO-SMC compared with that of classical PID
control is shown. From the CSA, the PID is calculated as following: K,, = 65, K; = 13, and K; = 4. The result
of the simulation performed for the inventory level and production rates in both the controlled system is shown
in Figure 7. The proposed ESO-SMC has a better regulating performance to maintain the inventory near the
zero as shown in Figure 7 as compared to the PID controller. Moreover, it can be seen for Table 1 that the IAE
of the system based on the ESO-SMC (9.05) in comparison with the IAE of the system based on the PID
controller (60.87) is less.

For further evaluation of the ESO-SMC, additional simulation with another stationary identically and
independently distributed random demand is also carried out. The tunable parameters of the ESO-SMC and the
PID controller are kept as the previous simulation. The estimating of the system state and its demand are
represented in the Figure 8 and Figure 9 respectively. Moreover, the estimation error of x;, x, and d is
demonstrated in Figure 10, Figure 11 respectively. The inventory level and production rates of the two
controlled systems are simulated as indicated in Figure 12.

From Figure 12, the proposed ESO-SMC achieves better performance to maintain the inventory level
near zero compared to PID controller. Further, it can be observed from Table 2 that the IAE of the system
based on ESO-SMC is less than that of the system using PID controller. The results of the two scenarios indicate
that it is possible to estimate with precision the state and the unknown demand with the help of the ESO.
Furthermore, a good regulation of the inventory control can be obtained within the ESO-SMC.
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Table 2. Performances evaluation
Controller IAE
ESO-SMC  6.01

PID 49.7

4. CONCLUSIONS

Inventory management is a critical component of optimized supply chain networks. This paper proposes
effective and powerful inventory management system. The major difficulties are that the demand is
unpredictable and time variant demanding a strong and stable policy of control. For this purpose one new
methodology is proposed: the combination of an extended state observer with sliding mode control (ESO-
SMC) is recommended to keep the level of inventory at the desired value. The Searching parameters for the
observer-controller are tuned by circle search algorithm (CSA). The simulation and testing of the obtained
control scheme is carried out with MATLAB simulation results, and it is found that the control law provides
accurate reference tracking control of the inventory variables in the presence of uncertainty of the demand.
Analysis and comparison of simulated with the PID controller are also evidence of the effectiveness of the
suggested strategy. Two scenarios with different time-varying random demand are used for evolution. The
reduction in IAE is approximately 85% and 88% in the two scenarios. However, further research is needed to
address uncertainties in production lead times and optimize the handling of perishable goods to prevent
spoilage. Additionally, this study could be extended to incorporate production capacity constraints. Integrating
these physical limitations is essential for industrial applications, ensuring that the model's recommendations
are both feasible and directly implementable on the factory floor.
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