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ARTICLE INFO ABSTRACT

Dengue hemorrhagic fever (DHF) is an infection caused by the
dengue virus which is transmitted by the Aedes aegypti mosquito. In
this paper, a model of the spread of dengue disease is developed
using optimal control theory by dividing the population into
Susceptible, Exposed, Infected, and Recovered (SEIR) sub-
populations. The Pontryagin minimum principle of the fourth-order
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Runge-Kutta method is used in the model of the spread of dengue
disease by incorporating control factors in the form of education and
vaccination of susceptible human populations, as well as treatment
of infected human populations. Optimum control aims to minimize
the infected human population in order to reduce the spread of DHF.
Simulations were carried out for two cases, namely when the basic
reproduction number R, is less than one for disease-free conditions
and R, greater than one for endemic conditions. Based on numerical
simulations of the SEIR epidemic model with controls, it results that
the optimal strategy is achieved if education controls, vaccinations,
and medication are used.
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Introduction

Dengue Hemorrhagic Fever (DHF) is an infection caused by the Dengue Virus (Windawati et al.,
2020). There are two living populations that play a role in the spread of DHF, namely humans and
mosquitoes that carry the dengue virus (Sabran & Jannah, 2020). Dengue is a viral disease
transmitted by Aedes mosquitoes, namely mosquitoes which annually cause infection of nearly 390
million humans (lin et al., 2020). There are several types that transmit the dengue virus, including
Aedes aegypti and Aedes albopictus (Dania, 2016). DHF has symptoms similar to dengue fever, but
DHF has additional symptoms such as pain in the pit of the stomach, bleeding in the nose, mouth,
and gums, or bruising on the skin (Ministry of Health, 2017).

The spread of DHF can be studied through mathematical modeling. Various mathematical
models of DHF have been studied by several researchers, as in (Onyejekwe et al., 2019, Khan &
Fatmawati, 2021) Onyejekwe et al by applying optimal control theory. In this study, prevention of
DHF was carried out by educating the public and treating it. In this study it is also assumed that
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someone who is infected with DHF can transmit the disease if he comes into contact with other
individuals. Every individual in the population has the same chance of being infected (Onyejekwe
etal,, 2019). However, this study did not involve a vaccination control. One method to prevent the
spread of DHF is by vaccination (Chamnan et al., 2021). Currently, there is no antiviral treatment
for dengue, so future hope for dengue control rests with the development of an effective dengue
vaccine. One of the DHF vaccine candidates is the CYD-TDV vaccine which is a recombinant vaccine,
namely a vaccine that only uses a portion of the viral DNA and was developed by combining the
DNA of other organisms, containing live attenuated tetravalent dengue virus (Dorigatti et al., 2015).
Then another study was conducted by Khan et al. In this study, an analysis of the stability of the
model for the spread of DHF was carried out in endemic and disease-free conditions (Khan &
Fatmawati, 2021).

Optimal control theory was developed to find the optimal way to control dynamic systems
(Sethi, 2019). In this study, we will analyze the SEIR (Susceptible-Exposed-Infected-Recovered)
epidemic model on the spread of DHF by providing educational controls, vaccinations, and
medication to minimize individuals infected with the disease using optimal control theory.

Method

We analyze the optimal control problem in the SEIR-type DFH epidemic model in the following step:
first, we determine the SEIR epidemic model on the spread of DHF. Then the equilibrium point will
be determined and the model will be linearized using the Jacobian matrix and its stability. The
model that has been formed, is developed by adding three control factors, namely education,
vaccination, and medication. After that, the objective function will be determined based on the
Pontryagin minimum principle. After that, the state and costate equations and their stationary
conditions are formed. Furthermore, the model will be simulated with Matlab software with the
appropriate parameters to see a comparison of the system without control and with control.

Results and discussion

The model

To construct the DHF model, the population is divided into four sub-populations, namely
Susceptible (S (t)), Exposed (E (t)), Infected (1 (t)) ,and Recovered (R (t)). The total population is
N(t) =S(t) + E(t) +1(t) + R(t). The compartment diagram is presented in Figure 1.
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Figure 1. schematic compartment diagram

Based on Figure 1, we have a mathematical model in the form of a system of differential
equations as follows.

ds(t) I)
- MO BSOSO
®) ®
dET = /gl’th)S(t) — R E(t) — SE(t) (1)
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dI(t)
—r = OE®) = (un + pa + VI
dR(t) _ R

dr YI(t) — prR(O).

To simplify the model, we normalize the model in Equation (1). In conditions where the total
population N(t) is not constant, consider the proportion of each individual compartment in the

population,
I

N

’i= =

R
NJ

=Z|

_S —
s—N,e—

where N denotes the total human population. This variable represents the proportion of the total
population of each compartment in population N. If these variables are substituted into the model
of Equation (1), we get the following equation (See Table 1 for the parameters).
ds(t)
dt
d;—(tt) = fis — u,e — be (2)
di(t)

dt

=A—Lis — u,s

=6e — (up + pqg +v)i
dr(t)
dt

=yi— nT

Table 1. Parameter of the model
Parameter Meaning

A Recruitmen rate
Un Natural death rate
Ug Desease death rate

B Transmission contact rate
1) Exposure rate

Y Recovery rate

The existence of equilibria
The system expressed in Equation (2) have two equilibrium points, i.e. the disease-free equilibrium

point T; = (#A,O,O,O). By applying next generation matrix proccedure we find the basic

reproduction number
BAS

Ro = G ¥ ) un T g + 1)

A * __ A(Ro_l)
UnRq’ (8+un)Ro’

We also have the disease equilibrium point T, = (s*,e*,i*,r*), with s* =

. AS(Ry—1 AS(Ry—1
* (Ro—1) and r* = YA8(Ro—-1)

T (5+un) (un+ua+yY)Ry T in(S+un) (UntratyIRo

The equilibrium point T; existif Ry < 1, while the disease equilibrium T, will exist if Ry > 1.
For stability of equilibrium point. We have the following theorem.

Theorem 1. The disease-free equilibrium point T; is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1.
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Proof
The Jacobian matrix of system (1) at T; (MA, 0,0,0) is
_ 0 ﬁ(A> 0
_M — —
" tn
A
hi=|lo —u,-s B (—) 0
HUn
0 6 —MHn—HMa—V O
0 0 Y —Hn

which have characteristic polyomial

PA) = A+ ) A+ )2 + Cun + pg +v + A+ (n + &) Uy + g +y)(1 =R} =0 (3)
The roots of Equation (3) are 44 = 1, = —u,, and the other two roots will have a negative real

part if Ry < 1. Hence, T; is locally aymptotically stable if Ry < 1 and unstable if Ry > 1. These

completes the proof.

Theorem 2. The disease equilibrium point T, = (s*,e*,i*,r") is locally asymptotically stable if
my, my, m3 > 0 and mym, — msz > 0, where my, m,, m3 explained in the proof.

Proof.

The Jacobian matrix system (2) at T,(s*, e*,i*,r") is

AS 5+ + g +

A+ B 0 (6 + un)(pn + g +v) 0

(6 + up)(py + g +v) )
—BAS (6 + un)(pn + g +v)

J(Ty) = + A+ (u, +6) — 0
G+ )ty + g+ 1 Uin +0) )

0 —6 A+ (n +pa +v) 0

0 0 -y A+ u,

which have characteristic equation

(/11 + ,un)(/‘{3 + m1/12 + mzﬂ + m3) = 0 (4)

where
BAS

(6 + ) (un + g +v)

my = (fn + g +v) + Uy +6) +
_ BAS N BAS

C (ntuaty) G+ u)
mz = BAS — i, (6 + ) (Uy + g +v)

m;

Acording to Routh-Hurwitz criteria, all roots of (4) have a negative real part if m;, m,, ms >
0, and mym, — m3z > 0.Hence, T, (s*, e*,i*, ") islocally asymptotically stable if m;, m,, m3 > 0 and
mymy, —ms > 0.

Formulation of optimal control problem

In this section we reformulates an optimal control problems of system (2). We use two control
functions u4 (t), u,(t), and uz(t) which represents the number of susceptible individuals who are
given education, vaccination and the number of infected individuals receiving treatment at time ¢,
respectively. The correponding system is
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ds )
E=A—ﬁls—,uns—uls—uzs
% = pis — yye — de (5)
di
a7 = 0e — (un + pa +us +y)i
dr ) )
a=yl—,unr+uls+uzs+u3l.

The use of optimal control theory aims to minimize the number of populations infected with
the disease so that it is minimum at the end of time t with the following objective function

](ul, uz,U3) = ftt(.)f (A + % (Blu% + Bzug + B3U§)) dt, (6)
where A is a balancing factor for costs due to infection and By, B,, and B3, each of which is the cost

of education, vaccination, and treatment with t € [0, tf].

Then, we apply the optimal control theory to determine the optimal strategies u and
maximizing the objective functional (6) subject to system (5) such that
](ulﬁ uZI u3) = mln.] (ull Uy, u3)|u’11 Uz, U3 Eu
where

u = {(w (), u2(0), u3(0)): ap < (w1 (1), u2(8), u3(1)) < by, p = 1,23, € [0, ¢}
The optimal control problem is solved by satisfying the conditions on the Pontryagin
minimum principle. We get
1
H(x,u,A) = Ai + 3 (Byu? + Byu3 + B3u2) + A, (A — Bis — pupS — Uy S — UyS) + A, (Bis — upe — 8e)
+ A3(6e — (Up + g +uz +y)i) + A (yi — ppr + uys + uys + uzi)

where (44, 1,, A3, A4) are costate variables associated with the state variables (s, e, i,r).
Next, according to Pontryagin's minimum principle, the Hamiltonian function reaches an

optimal solution if it satisfies the following conditions.
1. Stationer condition for control u(t):

J0H
a—ul=0 o Biuq — A5 + A48 =0
S Uq (A —A)s
= —B1
J0H
a—u2=0 o Bou, — 445 + A4S =0
< Uy (A =4y)s
= —Bz
J0H ) )
6_u3=0 o Baus — A3i + A4i =0
< U3z _ (A3 — Al
= —B3

Hence, we have
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A —A)s
0 Jﬂi—il<o
B,
(A —Au)s . (A —Ay)s
=< — 7 f ——=0
Uy B, ,1 B,
. (A —Ay)s
kulmax ,if % >0
A —A)s
0 ,ﬁgi—iL<o
B,
(A —A)s . (A= Ay)s
=< — = f ————=0
U, 5, ,1 B,
(A —AY)s
kuZmax ,if % >0
o (A3 — A1
0 f ——<0
,1 B;
(A3 — Ayl o (A3 — A0
= =~ f ——=0
Uz B, )1 B,
. (A3 —A)i
ku3max ,if —33 >0,

So the optimal control u* can also characterize by
_ .( ((M-Mﬁ) )
U; = min | max | 0;—————; Uimax

B,
_ .( ((h-hﬁ) )
Uy, = min | max | 0; ————); Uy max
B,
_ .( (K%—Mw_ )
U3 = min [ max O,B— s Usmax |-
3

2. State equations

J0H )
a—/11=A—ﬂls—,uns—uls—uzs
J0H )
a—/h:ﬁls—une—&e
oH _ )
5E=5e—um+ud+u3+wl
J0H ) )
E=yl—/xnr+uls+uzs+u3l
3. Costate equation
J0H
o5 LB+ un +ug +uz) — 00 — A (g + uz)
J0H
%=/12(#n +6) — 236 8)
(?3_1;1 =—A+ 15 — 285 + A3(pn + g +us +v) — A4(us +7)
?3_1: = Aaln.

Numerical simulations

In this section we gives some numerical simulation to observe the optimal trajectories of the
optimal system. We simulate several strategies as follows.
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Strategy [
Only education as a control strategy, so only u; as the control variable. Figure 2 shows the impact
of education on the populatin size.

() (b)

© (d)
Figure 2. Proportion of the number of susceptible, exposed, infected, and recovered with and
without education.

Figure 3. Control profile for Strategy I.

In Figure 2, it can be seen that when there is no control, the susceptible, exposed, infected,
and recovered populations are 53.69% respectively; 9.23%; 6.89%; and 18.91%. Then after being
given educational controls, the susceptible, exposed, infected, and recovered populations were
69.40%; 1.48%; 1.13%; and 25.39%. Furthermore, the graph of the educational control function
can be seen in Figure 3. In Figure 3, from the first day education was given, then on the 250th day
the intensity of the education given began to decrease sharply in order to save costs. When the
300th day, education is no longer given. This is possible because when people are given education,
people start to become aware of the dangers of DHF.
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Strategy 11
The control strategy in strategy Il is a strategy that considers education and vaccination. The

simulation is shown in Figure 4.

() (b)

(© (d
Figure 4. Proportion of the number of susceptible, exposed, infected, and recovered with
education & vaccination and without education & vaccination

Figure 5. Control profile for Strategy Il

In Figure 4, it can be seen that when there is no control, the susceptible, exposed, infected,
and recovered populations are 53.69% respectively; 9.23%; 6.89%; and 18.91%. Then after being
given educational controls and vaccinations, the susceptible, exposed, infected, and recovered
populations were 72.65%; 0.71%; 0.56%; and 28.72%. Furthermore, control profile for Strategy II,
the use of education and vaccination control functions can be seen in Figure 5. In Figure 5, the
community is given education and vaccination simultaneously. It can be seen that on the 200th day,
the provision of education and vaccination began to decrease sharply so as to save costs. This is
possible because people are starting to become aware of the dangers of DHF and have strong body
immunity.
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Strategy ]
The control strategy in strategy IIl is a strategy that considers education and treatment. The
numerical simulation is shown in Figure 6.

() (b)

(© (d
Figure 6. The proportion of the number of susceptible, exposed, infected, and recovered with
education & treatment and without education & treatment.

Figure 7. Control profiles for Strategy III.

In Figure 6 it can be seen that when there is no control, the susceptible, exposed, infected, and
recovered populations are 53.69% respectively; 9.23%; 6.89%; and 18.91%. Then after being given
educational control and vaccination, the susceptible, exposed, infected, and recovered populations
were 70.73%; 1.21%; 0.92%; and 26.56%. The graphs of the education and treatment control
functions can be seen in Figure 6. In Figure 7 the community is given education and treatment
simultaneously. It can be seen that the intensity of providing education and treatment has
decreased so as to save costs. This is possible because people are starting to become aware of the
dangers of DHF and those infected have recovered.
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Strategi IV
The control strategy for strategy IV is a strategy that only considers vaccination. Strategy IV

simulation is shown in Figure 8.

() (b)

(© (d)
Figure 8. Proportion of the number of susceptible, exposed, infected, and recovered with and

without vaccination.

Figure 9. Control profile for Strategy IV.

From Figure 8, we can see that when there is no control, the susceptible, exposed, infected,
and recovered populations are 53.69% respectively; 9.23%; 6.89%; and 18.91%. Then after being
given educational controls and vaccinations, the susceptible, exposed, infected, and recovered
populations were 69.40%; 1.48%; 1.13%; and 25.39%. The graph of the vaccination control
function can be seen in Figure 9. In Figure 9 since the first day of vaccination, then on the 250th day
the intensity of the vaccination given begins to decrease sharply in order to save costs. On day 300,
vaccination is not given. This is possible because when people are vaccinated, people have strong

body immunity.
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Strategi V
Strategy V is a strategy that only considers treatment. The numerical simulation is shown in Figure
10.

() (b)

(© (d)
Figure 10. Proportion of the number of susceptible, exposed, infected, and recovered with and
without treatment.

Figure 11 Control profiles for Strategy V.

In Figure 10, it can be seen that when there is no control, the susceptible, exposed, infected,
and recovered populations are 53.69% respectively; 9.23%; 6.89%; and 18.91%. Then after being
given educational controls and vaccinations, the susceptible, exposed, infected, and recovered
populations were 69.09%; 2.55%; 1.88%; and 19.91%. Furthermore, the graph of the treatment
control function can be seen in Figure 11. In Figure 11, we can see that on day 280 the intensity of
the treatment given began to decrease sharply in order to save costs. When the 300th day, the
treatment is no longer given. This is possible because when the infected community is given
treatment, the community recovers from DHF.
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Strategy VI
The control strategy in strategy VI is a strategy that considers vaccination and medication. The

numerical simulation is shown in Figure 12.

() (b)

(© (d)
Figure 12. Proportion of the number of susceptible, exposed, infected, and recovered with
vaccination & treatment and without vaccination & treatment.

Figure 13. Control profiles for Strategy VI

In Figure 12, it can be seen that when there is no control, the susceptible, exposed, infected,
and recovered populations are 53.69% respectively; 9.23%; 6.89%; and 18.91%. Then after being
given educational controls and vaccinations, the susceptible, exposed, infected, and recovered
populations were 70.22%; 1.41%; 1.07%; and 25%. Then, the graph of the function of vaccination
and treatment control can be seen in Figure 13. In Figure 13 the community is given vaccination
and treatment simultaneously. It can be seen that the intensity of vaccination and treatment has
decreased so as to save costs. This is possible because the community has strong body immunity
against DHF and the infected people have recovered.
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Strategy VII
The control strategy in strategy VII is a strategy that considers education, vaccination, and

medication. The numerical simulation is shown in Figure 14.

() (b)

(© (d
Figure 14. The proportion of the number of susceptible, exposed, infected, and recovered with
education, vaccination & treatment and without education, vaccination & treatment.

Figure 14 shows that when there is no control, the susceptible, exposed, infected, and
recovered populations are 53.69% respectively; 9.23%; 6.89%; and 18.91%. Then after being given
educational controls and vaccinations, the susceptible, exposed, infected, and recovered
populations were 73.35%; 0.67%; 0.52%; and 28.20%. Then, the graphs of education, vaccination,
and treatment control functions can be seen in Figure 15.

Figurel5. Control profile for Strategy VII
Figure 15 shows that the community is given education, vaccination and treatment

simultaneously. It can be seen that the provision of education, vaccination, and treatment is
decreasing, so it can save costs. This is possible because people are starting to become aware of the
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dangers of DHF, have strong body immunity, and people who are infected recover from the disease.

Conclusion

The mathematical model for the spread of DHF used in this paper is the SEIR (Susceptible-Exposed-
Infected-Recovered) model. Based on this model, two equilibrium points are obtained, namely T;
and T,. Stability analysis was carried out at both of these equilibrium points and it was concluded
that the equilibrium points T; and T, were locally asymptotically stable. The control that has the
most influence on the spread of DHF obtained in this paper is educational control. Then, the infected
population will decrease more rapidly when educational controls, vaccinations, and medication are
used. For the future research, global stability analysis can be carried out on the model. Then, for
optimal control of the spread of DHF can be developed using other methods.
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