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seas with the influence of wind movements. The mathematical
model is derived from the random walk process of the oil spill
particles by using a probability measure on a unit circle with the help
of Laplace and Fourier transform. The solution to the model is also
obtained by using Laplace and the Fourier transform. Based on the
analysis of the solution of the model, the oil spill tends to spread in
the direction of wind movement. The speed and direction of the
wind movement affect the speed and direction of the spread of the
oil spill particles. The larger the speed of wind movement, the faster

the oil particles movement.
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Introduction
There were some researches concerning mathematical models for the spread of oil spills in high
seas. Mardiah et al. (2003) studied the spread of oil spills by using a mathematical model derived
from mass conservations principle to simulate the concentration of oil spills distribution and then
compare the result with a standard model from Worldwide Oil Spill Modeling (WOSM). Lukijanto
and Purwandani (2012) discussed the spread of oil spills probably coming in Indonesia exclusive
economy zone. Salim and Sutanto (2013) investigated the mathematical model for the movement
of oil spills and then analyzed it by Trajectory Gnome Analysis. Ardi (2017) discussed the spread
of oil spills influenced by west and east monsoon winds by using linear regression analysis.
Wibowo (2018) studied the spread and slick thickness of oil spills in Cilacap sea based on an
arranged scenario. Li et al. (2018) derived the mathematical model for marine oil spills by using
the Euler-Lagrange method to track the spill location and the position of particles on the edge of
oil slicks.

In this paper, we study the derivation of a mathematical model for the spread of oil spills in
high seas by using random walks theory involving stochastic aspects and employing a probability
measure on a unit circle. In the random walks process, we consider the waiting time of the oil spill
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particles to move as a stochastic aspect considered here. By this way, we may derive various
models depending on the waiting time and the characteristic of the movement direction the
particles perform. This is the advantage of our way to derive the model that has not been found in
previous related studies as we know so far. Here, the movement of the oil spills is only influenced
by an oceanographic characteristic, namely wind velocity. We assume the wind velocity and the
length of the particle jumps are constants. We then investigate the solution to the model and
analyzed it. We also make an animation of the spread of the oil spill.

This paper is composed of four sections. The second section contains of the methods used in
studying the mathematical model. Our results and discussion concerning the model is given in the
third section. The last section concludes our study concerning the model.

Method
To derive the mathematical model, we use random walks theory and employ a measure
probability on unit circle. We also apply Laplace and Fourier transforms. The movement of the oil
particles is only influenced by the speed and direction of wind.

We solve the model with helps of an ordinary differential equation theory and Fourier
transform. The simple animation for the oil spills spread pattern is also shown by using
Macromedia Flash.

Results and Discussion
This section discusses the derivation of the mathematical model. The solution of the model and its
analysis are also given in this section.

Model Derivation

The high sea is assumed as R? plane. We consider an oil particle moving in the high sea as a
particle in R? that undergoes a sequence of random jumps. The particle movement is influenced
by the waiting time and direction of the particle to jump. We suppose ¢(t),t > 0 is the probability
of the particle to jump after a waiting time t and T (x; w) is the probability of the particle to jump
from a position x € R? in a direction w € S* where S = {w € R? : |w| = 1}. Both probabilities
satisfy the equations

foo¢(t) dt =1 and f T(x; w)dw =1,
0 st

respectively.

We next assume that the length of the jumps is a constant Ax. Following Othmer et al.
(1998), we suppose Qi (x,t) stands for the conditional probability of the particle to reach a
position x at a time t after k jumps, namely

t
Qrlx,t) = _[ ¢t — DT (x — wAX; W) Q1 (x — wAX, T)dwdr.
0 Jst
Then, the particle reaches x at t with the probability
Q) = ) Q(x,0)
k=0

t
=Qo(x,t) + _[ ¢t — )T (x — wAx; w)Q(x — wAx, T)dwdT .

0

Sl
Since Q,(x, t) is Dirac Delta function, namely Q,(x,t) = §(x)6(t), then
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Q(x,t) =6(x)o(t) + J: fsl ¢t — )T (x — wAx; w)Q(x — wAx, T)dwdrT.

We then suppose q(x,t) is the probability of the particle to be at x at t with the initial

position x = 0 and time t = 0. It follows that
t

q(x,t) =f O(t,7;x)Q(x, T)dT

0
where @(t, 7; x) is the probability of the particle to reach x at 7 < t and does not jump during the

time interval t — 7. We also assume that
d(t,7;x) =P(t —1)

where
[ee) t
b = dr=1— d 1
0 ft $(r)dr fo $(r)dr )

that means that the particle does not jump during the time interval (0,t). Thus,
t

ae.0) = | o= 000 Ddr
0
t rT
= 5()D(E) + f f f O(t — D)p(r — 1)T(x — WAL ©)Q(x — whx, r)dwdr dr
0o Jo Jst

t
=d(t)6(x) + f f ¢t —1)T(x — wAx; w) qg(x — wAx; T)dw dr. 2
0 Js1

Based on the equation (1), the equation (2) can be rewritten as

qlx,t) = <1 — ftqh(r)dr) o(x) + ft ¢t — T (x — wAx, w)q(x — wAx, T)dwdr.
0 0 Js1

By using Laplace and Fourier transform, we have
q(x,s) = L{g(x, )}(s)

t t
=L {(1 — J ¢(r)dr> 6(x) + f ¢t — T (x — wAx, w)q(x — wAx, T)da)d‘r} (s)
0 0 Js1

= S(x)l%qﬁ(s) + @(s) f G(x — wAx, s)T(x — wAx, w)dw.
Sl
Observe that 3
F{G(x,s)}(k) =F {6(95) 1%(1)(5’) + @(s) f G(x — wAx,s)T(x — wAx, a))da)} (k).
Then, ’
~ 1 - - ,\
G(k,s) === HS) (=40s) + Ak,9)), 3)
where
= B(s)
=156
and

F {f G(x — whAx,s)T(x — wa,w)dw} (k) = Ak, s).
51

By the equation (3) and the inverse of Laplace and Fourier transform, we get

£ 45009) ~ -} 0 = £ (A6 (<506, 9) + Ak, 9)} )
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or
Gk, t) — 1 = fo tH(t ~7) (—Q(k, 1) + LAk, )}k, r)) dr,
and
FUYg(k, t) — 1}(x, t) = F~1 { fo tH(t ~17) (—Q(k, 7) + LAYk, D)) dr} (x,t)
or
q(x,t) — 8(x) = fo H( =) (—f]-"‘l{q}(x, 0 +F i) r)) dr. 4)
Consider that

F-1 {L—l{A}} (x,7) = Ll T(x — whAx, w)q(x — wAx,7) dw.

Since q(x, 0) = §(x), then the equation (4) can be rewritten as

t

q(x,t) —q(x,0) = f H(t—1) (—q(x, 7)+ f T(x — wAx, w)q(x — wAx, T)da)) dr. (5)
0 st

If the waiting probability ¢ (t) is Poissonian, that is

_t//1

e
o) = T A>0t>0,

Then the Laplace transform of ¢ (t) is

- < e 2 1
¢<s)=£{¢(t)}=f0 e < - >dt=ls+1.

Consequently,
f(s) = ¢(s) _ (1//1$+1) _ (1//15+1) =i
1=¢() 1- (1//15 + 1) (/15//15 + 1) As

Then,

H@) =L YH(s)}=L"1 {i} = %L‘l {3} = %

As S

Thus, the equation (5) becomes

t
q(x,t) —q(x,0) = %f (—q(x, )+ f T(x — wAx, w)q(x — wAx, T)dw> dr. (6)
0 st

If both sides of the equation (6) are differentiated with respect to t then

0 1
aq(x, t) = 7 —q(x,t) + f T(x — whAx; w)q(x — wAx, t) dw |. @)
Sl
We next assume that T(x;w) is a constant or does not depend on the position x and jump
direction w. It means that the particle in the random walk process moves in a homogeny medium
or absence of any external force field. Since

j T(x;w)dw =1,
51
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then T(x: w) = 1/|S'| where

|S1] = f dw = 2m.

s1
Consequently, the equation (7) is reduced to
0 1
aq(x,t) :A|51| [ q(x — whx, t) — q(x, t)dw |. (8)
s

We next consider the following lemma.

Lemma 2.1 (Senba & Suzuki, 2010). If

jwida) =0

s1

S

widw =8, —, i,j=1,.2,
1 wiw;dw ij i,J 2
S

and f = f(x) is a continuously twice differentiable function then

[ 176+ @m0 = fGldo = 1M1 @087 () + 0@
s1

as Ax — 0.

By using Lemma 2.1, the equation (8) is reduced to

0 (Ax?) 5
570000 === 0q(x 1) + 0((Ax)?) ©
asAx - 0.1f Ax - 0,1 - 0, and % is kept finite then the equation (9) becomes
%q(x, t) = DAq(x,t) (10)
where
_ (Ax?)

4p -
The equation (10) is well known as diffusion equation and a constant D is called by diffusion
coefficient.
We next assume T (x; w) is not a constant satisfying the conditions

T(x;w) —T(x; —w) = F(x; w), (11)

T(x; w) +T(x; —w) = G(x; w), (12)
where F(x; w) # 0 that means the random walk process is influenced by an external force field.
Note that

f T(x;w) =1,
51
implying
1
> f G(x;w) =1.
st

A mathematical model for the spread of oil (Guswanto, Achfasarty, Wardayani) 13



BAMME Vol. 1 No. 1, April 2021, pp. 9-20

By Taylor series expansion, we obtain
T(x — wAx; w)q(x — wAx,t) = T(x; —w)q(x,t) — Axw - VT (x; —w)q(x, t)

+%(Ax)2{—w VT (x; —w)q(x, t) + o((Ax)?). (13)
Similarly,
T(x + wAx; w)q(x + wAx, t) = T(x; w)q(x, t) + Axw - VT (x; w)q(x, t)
+%(Ax)2{a) VT (x; w)q(x,t) + o((Ax)?). (14)

By the equation (11), (12), (13), and (14), we have

T(x — whAx; w)q(x — wAx) + T(x + wAx; w)q(x + wAx, t)
1
=G(x; w)q(x,t) — Axw - VF(x; w)q(x, t) + Z(Ax)z{w VG (x; w)q(x, t) + o((Ax)?). (15)
We next consider the formula
Ax

CRAG) (16)

where f(x) = (fi(x), f2(x)) € R? is an external force field influencing the particle jump at
position x. Besides, we assume that G (x; w) is a constant. Then

F(x;w) =

2
G(X, 0)) = m (17)
since
! Glx;w) =1
E f X, (JJ) = 1.
Sl
By isotropic conditions
widw =0, i=12, (18)
st
IS
f wiw;dw = 611-7, i,j=12, (19)
st
where w = (w;,w,) € S, and the equation (15), (16), (17), (18), and (19), we obtain
(Ax)?
—q(x,t) + J T(x — wAx; w)q(x — wAx, t)dw = 2 (Aq(x, t)—V-f(x,7)q(x, t)) + +0((Ax)?).
st
Consequently, the equation (7) is reduced to
0 (Ax)? 5
5240 === (8q(r ) = V- f(£,Dq(x,0)) + 0((4x)?). (20)
If Ax - 0,1 - 0,and (Ax)? /2 is kept finite then the equation (2.20) becomes
d
509060 =D(Aq(x,0) = V- f(x,0)q(x, 1)) 2D
where
A 2
D = (4x) .
41

The equation (21) is known as Fokker-Planck equation. If f(x, t) = v where v = (v,,v,) € R?
with v;,i = 1,2 are constants then
V-l t)gx,t) =V vq(x,t) = V- (v1,v,)q(x, t)

14 d- ' 10.12928/bamme.v1i1.3877
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0 0
=v- (—q(x, t),Eq(x, t)) =v-Vq(x,t).

dx,
Consequently, the equation (21) becomes
0
aq(x, t) = D(Aq(x, t) —v-Vq(x, t)). (22)
The equation (22) is known as advection-dispersion equation that can be used to model the

concentration of oil spills g(x, t) in high sea at x and t under the influence of wind movement with
a constant velocity v = (vq, v;).

Solution
Consider the equation

d
aq(x, t) = D(Aq(x,t) —v-Vq(x, 1)), x e R%,t >0

CI(X, 0) = CIO(X)' X € RZ
qlx,t) =0, t>0,|x| - oo.
By using Fourier transform, we get

9
F [aq(x, t)] (k,t) = F[D(Aq(x, ©) — v - Vq(x, )] (k, )
Flg(x,0)](k,0) = Flqo(x)](k)

or
0
3¢ 7 lallkt) = D(= |k|> —iv-k)F[ql(k,t), k€ER*t>0
Flql(k,0) = Flgol(k), k€ R%
which is solved by
Flql(k, t) = Flqol (k)eP(-IkI*~ivk)e,
Since
x| 2 _a?Ik|?
F e 202 |[(k)=e 2
oV 2w
or
azlklz] 1’
F-1]— x) = e 202
[ 2z |® oV2m
then,
. 1 ) ,
T—l[eD(lklz—w-k)t](x) =§ f eD(—|k|2-W'k)felk'xdk
RZ
1 _|x=Dvt|?
= e 4Dt
2\VnDt
It follows that
(x,t) = FF[q]](x, 0) f (x = y)— bt
x’ = x) = X — e .
q q J 9o y VDL y
If go(x) = cy6(x) then
0 Co _|x=Dvt|?
x,t) = e 4Dt
1 2VnDt
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Analysis

By using polar coordinate, for x = (x;,x,) € R?, we have

implying

x, =rcosf,x, =rsinf, r>0,0<0 <2,

Co (r cos @—Dv,t)?+(r sin —Dv,t)?

= e 4Dt
1 2\nDt

The maximum value of g is obtained when

Consequently,

which implies

It means that

(rcos — Dv t)? + (rsinf — Dv,t)? = 0.

rcos@ — Dvit =rsinf — Dv,t =0,

_1 V2
0 =tan" 1=
%1

_1 V2
0 =tan 1=
%1

gives a direction from the position x = (x;,x,) on a circle with a radius r such that g attains the
maximum value at t > 0. Observe that the direction is the direction of the wind velocity v = (v,, v,)

16

Smid]

| —— 8=0 —— o= B=n

plot g (7, 8, £) untuk r=1, 8=0, 1/4, m, 5m/d, 0<=t<=10, v=(1,1).
y

N

Figure 1. The graph of g values at points lying on a circle with
the radius r = 1 in the movement direction 8 = 0, /4, , 5 /4
andv = (1,1)along 0 <t < 10
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Figure 1 shows that the point lying on the circle with the movement direction 8 = /4 or
wind velocity v = (1,1) gives the largest value of g along 0 < t < 10.

Animation
This section provides animations for the spread of the oil spill by using Macromedia Flash. Figure

2 below describes the spread of the oil spill in absence of wind movement. The spread is
concentric.

Figure 2. Screenshot of the animation when the oil spill is not
influenced by wind movement

Figure 3 and 4 describe the spread of the oil spill when the wind velocities are v = (1,1) and
v = (3,3), respectively. It seems that the oil particles tend to move in northeast direction or the
direction of the wind movement. When the screenshot is taken at the same time, t = 2 second,
there is a difference between Figure 3 and 4. The oil particles in Figure 4 spread faster than that in
Figure 3 since the wind movement in Figure 4 moves faster than that in Figure 3.

Figure 3. Screenshot of the animation when v = (1,1).

A mathematical model for the spread of oil (Guswanto, Achfasarty, Wardayani) 17
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Figure 4. Screenshot of the animation when v = (3,3).

Analogous to Figure 3 and 4, Figure 5 and 6 show the screenshot of the animation when the
spread of the oil spill is influenced by wind velocities v = (—1,0) and v = (—3,0). There we can
see that the oil particles tend to move in west direction or the direction of wind movement. The
screenshot of the animation in Figure 5 and 6 are taken at the same time, t = 2 second. The
spread of the oil particles in Figure 5 is slower than that in Figure 6 since the wind velocities
influencing the oil particles movements are also different.

Figure 6. Screenshot of the animation when v = (—3,0).

18 d-110.12928/bamme.v1i1.3877
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Conclusion
The mathematical model of the spread of oil spill in high seas in presence of wind velocity is
0
Eq(x,t) = D(Aq(x,t) —v-Vq(x, 1)), x€R%t>0
q(x,0) = co6(x), x€R?
q(x,t) =0, t >0, |x| - oo.
where q(x, t), v = (v4,v,), and ¢, stand for the concentration of the oil spill at position x € R? and
t > 0, wind velocity, and the concentration of the oil spill at t = 0, respectively.
The solution to the model is
Co _|x—Dvt|? 5
e 4t ,x€R4 t>0.
2vnDt

Based on the analysis of the solution, we get that

q(x,t) =

_1V2
0 =tan 1=
%1

gives a direction from the position x = (x;,x,) on a circle with a radius r such that g attains the
maximum value at t > 0. The direction is the direction of wind velocity v = (v, v5).

The animation of the spread of the oil spill shows that the speed and direction of wind
movement influence the speed and direction of the spread of the oil spill. The larger the speed of
wind movement, the faster the oil particles movement.

[t is interesting to consider the other factors such as pH, temperature, chemical
characteristics of oil, and so on to obtain the better model via the random walks process.
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